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The original and revised versions of the generalized complementary relationship (GCR) of evaporation
(ET) were tested with six-digit Hydrologic Unit Code (HUC6) level long-term (1981–2010) water-
balance data (sample size of 334). The two versions of the GCR were calibrated with Parameter-
Elevation Regressions on Independent Slopes Model (PRISM) mean annual precipitation (P) data and val-
idated against water-balance ET (ETwb) as the difference of mean annual HUC6-averaged P and United
States Geological Survey HUC6 runoff (Q) rates. The original GCR overestimates P in about 18% of the
PRISM grid points covering the contiguous United States in contrast with 12% of the revised version.
With HUC6-averaged data the original version has a bias of �25 mm yr�1 vs the revised version’s
�17 mm yr�1, and it tends to more significantly underestimate ETwb at high values than the revised
one (slope of the best fit line is 0.78 vs 0.91). At the same time it slightly outperforms the revised version
in terms of the linear correlation coefficient (0.94 vs 0.93) and the root-mean-square error (90 vs
92 mm yr�1).

� 2016 Elsevier B.V. All rights reserved.
1. Introduction

The Complementary Relationship (CR) of evaporation (Bouchet,
1963) is a physically based approach that yields actual evapotran-
spiration rates (ET) without detailed knowledge of the land-surface
properties: terrain, land-cover and soil type, as well as soil-
moisture status. This makes the CR undeniably appealing. The CR
implicitly accounts for the complex interplay between the land,
vegetation, and atmospheric components by relating the typically
moisture-limited actual ET to two energy-limited evaporation rates
of fully wet surfaces differing mostly in horizontal extent: one
from a small wet patch or a shallow pond or even an evaporation
pan (Ep in mm d�1) under the prevailing atmospheric conditions,
the other, from a wet landscape (Ew in mm d�1), driven predomi-
nantly by the available energy (Rn) at the surface (Priestley and
Taylor, 1972)

Ew ¼ a
DðTwÞ

DðTwÞ þ c
Rn: ð1Þ
Here Rn is specified in water depth per unit time (mm d�1), D
(hPa K�1) is the slope of the saturation vapor pressure curve at
the wet environment air temperature, Tw (K), and c [= cpp/
(0.622L) in hPa K�1] is the psychrometric constant, where cp
(J kg�1 K�1) is the specific heat of air at constant pressure, p
(hPa), and L (J kg�1) is latent heat of vaporization for water. The
dimensionless coefficient a (>1) is generally accepted to express
the evaporation-enhancing effect of large-scale entrainment of
drier free-tropospheric air resulting from the growing daytime
convective boundary layer (Brutsaert, 1982; de Bruin, 1983; Culf,
1994; Lhomme, 1997; Heerwaarden et al., 2009). Tw can be esti-
mated from the prevailing air temperature, Ta (K) via an implicit
formula based on the Bowen ratio (Bo) written for a small wet sur-
face with daily sums of the fluxes (Szilagyi and Jozsa, 2008) as

Bo � Rn � Ep

Ep
� c

Tws � Ta

e � ðTwsÞ � eðTaÞ ð2Þ

making use of the assumption that Rn, Ta and the actual vapor pres-
sure measurements, e (hPa), (e⁄ its saturated value) are also valid
over the wet surface due to the small extent of the latter. Tws (K)
is the estimated air temperature at the wet surface, which has been
shown to be independent of the horizontal extent (Szilagyi
and Schepers, 2014) of the wet patch. Since the equilibrium air
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Fig. 1. Theory-predicted Ep-scaled evaporation rates for selected values of the
parameters within the physically meaningful ranges of �1 6 c 6 2 for (8) and
0 6 d < 1, 0 6 s 6 (2d + 1)/(1 � d) for (9) where thus ET/Ep 6 Ew/Ep and ET/Ep
monotonically increases with Ew/Ep. The two-parameter curve is valid for Ew/Ep
P d only. Parameter values of c decrease, while those of s increase from bottom to
top of the corresponding series of curves.

Fig. 2. Theory-predicted Ew-scaled actual and apparent potential evaporation rates
for selected values of the parameters as a function of the moisture index, ET/Ep. The
values of s increase from bottom to top of the corresponding series of curves.
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temperature profile over an extended wet surface has a mild gradi-
ent with height above the ground (Szilagyi and Jozsa, 2009), the
Tws value estimated from (2) can be taken for Tw in (1) as long as
Tws < Ta, otherwise Tw can be replaced by Ta (Huntington et al.,
2011; McMahon et al., 2013a, 2013b; Szilagyi, 2014a).

In lieu of direct measurements, the so-called apparent potential
(Brutsaert, 2005) evaporation rate of the small wet surface can be
defined by the Penman (1948) equation

Ep ¼ DðTaÞ
DðTaÞ þ c

Rn þ c
DðTaÞ þ c

f u½e � ðTaÞ � eðTaÞ� ð3Þ

where fu (mm d�1 hPa�1) is an empirical wind function. With the
proper choice of fu, (3) can estimate Ep rates of a small pond, a
wet patch or a sunken evaporation pan, i.e.,
f u ¼ 0:26ð1þ 0:54u2Þ ð4Þ
where u2 is the wind speed (m s�1) at 2 m above the ground
(Brutsaert, 1982). As an alternative, monthly Ep rates of class-A
evaporation pans can, however, be better estimated by a more sen-
sitive fu (Szilagyi and Jozsa, 2008)

f u ¼ 0:49ð1þ 0:35u2Þ: ð5Þ
The difference in the two energy-limited evaporation rates, i.e.,

Ew and Ep, is due mainly to edge-effects: the horizontal energy
transport [expressed by the second term of (3)] which is significant
over the small, freely evaporating wet surface dissipates with the
extent of the wet area. The more significant this edge effect, the
more arid the environment has become, which forms the basis of
the CR, typically written as

ET ¼ Ew � ðEP � EwÞ=b ð6Þ
where b�1 (–) (or b itself) is a proportionality coefficient (Kahler and
Brutsaert, 2006; Szilagyi, 2007; Zuo et al., 2015). Kahler and
Brutsaert (2006) assumed it to be a constant, i.e., b = 4.5, when
employing class-A evaporation pans for obtaining Ep. The CR with
the so-called Rome wind-function of (4) is typically found to be
symmetric, i.e., b = 1 (Ramirez et al., 2005). Recently Szilagyi
(2015) related b�1 to the relative humidity of the air via a modified
logistic curve, using (5). Note that the three evaporation rates col-
lapse into one under energy-limited conditions, i.e., ET = Ew = Ep.

An exciting new generalization of the CR has been developed
recently by Brutsaert (2015) who originally spearheaded the
employment of the complementary relationship for practical appli-
cations (Brutsaert and Stricker, 1979). The objectives of this study
are (i) to introduce a revision to this newly generalized CR; and (ii)
to compare the performance of the two versions via calibration
with precipitation and validation against long-term (1981–2010)
water-balance derived mean annual evaporation rates across the
conterminous United States.

2. Theoretical background: The generalized complementary
relationship (GCR)

Brutsaert (2015) reformulated the CR by setting physical con-
straints for the relationship between Ep-scaled actual (y = ET/Ep)
and wet environment evaporations (x = Ew/Ep) in the form of
boundary conditions (BC), inspired by the work of Han et al.
(2012). The four BCs he employed for an assumed polynomial rela-
tionship between y and x are

ðiÞ y ¼ 1 at x ¼ 1; ðiiÞ y ¼ 0 at x ¼ 0; ðiiiÞ dy=dx ¼ 1 at x

¼ 1; ðivÞ dy=dx ¼ 0 at x ¼ 0: ð7Þ
BC (i) results from ET = Ew = Ep under energy-limited conditions.

BC (iii) is consistent with Ep values that are more sensitive to
changes in moisture availability than ET itself, as x approaches
unity. Brutsaert (2015) also introduced an additional parameter c
(–) into the BC-derived polynomial relationship for added flexibil-
ity. The resulting relationship has become

y ¼ ð2� cÞx2 � ð1� 2cÞx3 � cx4 ð8Þ
3. Methods

3.1. Revision of the GCR

(8) must satisfy two additional constraints (a) y must be mono-
tonically increasing with respect to x; and (b) y 6 x for 0 6 x 6 1.
These latter two conditions restrain the admissible range of c to
�1 6 c 6 2, which is important to define for practical applications



Fig. 3. Spatial distribution of the mean annual (1981–2010) ET rates estimated by (a) (8) with a = 1.09 and c = 2 (sample mean with the standard deviation and extrema are:
hETi = 523 ± 196, ETmin = 93, ETmax = 1055, all in mm yr�1); (b) (9) with a = 1.14, d = 0.28, s = 0 (hETi = 525 ± 232, ETmin = 1, ETmax = 1130, all in mm yr�1).
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where the value of c may be automatically calibrated. BCs (ii) and
(iv) are a bit problematic because in an environment with no mois-
ture availability ET can clearly be zero (thus y too) for Ew > 0 and
therefore x > 0 since Ep is bounded by the physically possible wind
speed and the moisture-holding capacity of the air (i.e. Ep cannot
approach infinity to result in x = 0 for Ew > 0). Consequently these
BCs are relaxed.

As ymay reach zero for x = d, where d > 0, BC (ii) can be replaced
by (ii)⁄ y = 0 at x = d.
(Note that for the symmetric CR of Brutsaert and Stricker (1979)
d is 0.5 when y = 0 and dy/dx = 2 at x = d) The new BC, (ii)⁄, has an
effect on the slope (s) of y which may then be larger than zero at d.
Thus (iv)⁄ dy/dx = s at x = d, with sP 0. With these two new
(starred) BCs replacing the old ones, (ii) and (iv), the solution of
the system of linear equations the BCs constitute for the unknown
polynomial coefficients in

y ¼ a3x3 þ a2x2 þ a1xþ a0 ð9aÞ



Fig. 4. Spatial distribution of the ratio of mean annual ET rates estimated by (a) (8) with a = 1.09 and c = 2 and PRISM P (hET/Pi = 0.78 ± 0.27, (ET/P)min = 0.09, (ET/P)max = 3.77);
(b) (9) with a = 1.14, d = 0.28, s = 0, and PRISM P (hET/Pi = 0.73 ± 0.24, (ET/P)min = 0.003, (ET/P)max = 3.5).
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becomes

a3 ¼ðd� sþdsþ1Þ=ðd�1Þ3;a2 ¼ð2s�d2s�2d2�2d�ds�2Þ=ðd�1Þ3
ð9bÞ

a1 ¼ðd3þ2d2sþd2þ4d� s�dsÞ=ðd�1Þ3;a0 ¼ðds�2d2�d2sÞ=ðd�1Þ3
ð9cÞ
Constraints (a) and (b) above restrict the admissible values of
the parameters to 0 6 d < 1 and 0 6 s 6 (2d + 1)/(1 � d). Note that
(9) is valid for xP d; when x < d, y = 0 is expected. Solution (9) with
d = s = 0 yields (8) of Brutsaert (2015) with c = 0. (8) and (9) are
intended to replace (6). Adjustment of the CR, based on the humid-
ity of the air, as was done by Szilagyi (2015), is no longer needed.



Fig. 5. Spatial distribution of mean annual (1981–2010) PRISM precipitation, hPi = 791 ± 448, Pmin = 47, Pmax = 5984, all in mm yr�1.
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Fig. 1 displays the two solutions, (8) and (9), for selected values
of the parameters, c, d, and s.

The predicted CR relationships for the scaled variables are dis-
played in Fig. 2 as function of the moisture index, ET/Ep. Note that
the d = s = 0 choice results in the black curves of the c = 0 case.
3.2. Testing the two versions of the GCR

In order to see how the GCR solution of Brutsaert (2015) and its
revised version performwith measured data, (8) and (9) employing
(1), (3), and (5) are applied to estimate long-term (1981–2010)
mean monthly ET rates across the contiguous United States. The
North American Regional Reanalysis (NARR, Mesinger et al.,
2006) radiation and 10-m wind (u10) as well as Parameter-
Elevation Regressions on Independent Slopes Model (PRISM) pre-
cipitation, air and dew-point temperature, Td (K), data (Daly
et al., 1994) at a spatial resolution of 4 km served as data input.
Note that e(Ta) = e⁄(Td) for which the monthly mean PRISM Td val-
ues are only available as 30-year normals therefore the ensuing ET
estimation could not be performed on a continuous month-by-
month basis, but rather as 30-year normals using similar averages
of the input variables. Monthly u10 values were transformed to u2
via u2 = u10 (2/10)1/7 (Brutsaert, 1982). Note also that BC (iii) favors
the more sensitive wind function, (5), over (4) and that PRISM is
widely considered to be the most accurate gridded precipitation
data for the contiguous US (Daly et al., 2008). This explains the
use of PRISM over NARR to obtain P.

Calibration of the parameters �a in (1), c in (8), and d, s in (9) –
were performed by a systematic trial-and-error approach which
entails trying out all possible combinations of the parameter values
within predefined ranges [1 6 a 6 1.32, �1 6 c 6 2, 0 6 d < 1,
0 6 s 6 (2d + 1)/(1 � d)] set apart by similarly predefined small
increments. The objective function of calibration consisted of min-
imizing the following two quantities for the grid-point mean
annual values (Szilagyi, 2015): (a) the number of cells with
ET > P, and; (b) the number of cells with ET = 0, while; (c) keeping
the resulting sample mean of grid point ET values over
522 mm yr�1, obtained previously by Szilagyi (2015) from (a) and
(b) only. That is, ETmust be within 3% of the water-balance derived
sample mean of 537 mm yr�1. Condition (c) was necessary because
the GCR, unlike the CR version of Szilagyi (2015), kept grid point ET
values above zero even with unrealistically low ET sample means.
Notice that no other information was used for the calibration
which itself would not prevent the resulting grid point ET rates
to exceed P, as in reality ET > P may occur at a mean annual basis
and regional scales over lakes, marshlands and even heavily irri-
gated areas (Szilagyi, 2013, 2014b), it only aims to limit them to
regions where it indeed happens.
4. Results

4.1. Calibration

Fig. 3 display the spatial distribution of the calibrated mean
annual ET rates.

Clearly, (9) results in a wider ET range with roughly the same
sample mean as (8). The number of cells with zero mean annual
ET rate estimates is zero for both models while the number of cells
in exceedance of PRISM precipitation (Fig. 4) is 85,298 (18% of the
total number of 481,631 grid points) for (8) and 56,344 (12% of
total) for (9). Large clusters of ET rates with overestimations
exceeding 20% of P are predominantly found in basins and valleys
of the Rocky Mountains with the most obvious exception in east-
ern Colorado and western Nebraska where at least some of it
(especially along the Platte River in Nebraska, Colorado and
Wyoming) can be explained by intensive large-scale irrigation sys-
tems (Szilagyi, 2013, 2014b).

As seen, (9) more dynamically responds to wide changes in
moisture availability within the varied topography of the Rockies
(the number of cells with ET > P being substantially smaller) than
(8), predicting small ET/P values in the mountains due to
orography-enhanced precipitation (Fig. 5) and topography-
boosted runoff accompanied by colder temperatures, and quite
the opposite in basins with depressed precipitation and runoff
rates and higher temperatures, frequently associated with large-
scale irrigation schemes, a prime example being the San Luis Valley



Fig. 6. Spatial distribution of the ratio of HUC6-level watershed averaged ET rates by (a) (8) and the water balance derived values as the difference of precipitation and runoff;
(b) (9) and the water balance derived values.
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of southern Colorado (about 300 km east of the Four-Corners Point
shared by Arizona, Colorado, New Mexico and Utah in Fig. 4). An
important difference can however be found in the two model ver-
sions in southern California and south-western Arizona where (8)
routinely yields ET rates in excess of P while (9) undershoots since
a smaller than 10% precipitation recycling ratio is probably
unrealistic.

4.2. Validation

Long-term water-balance based validation of the ET estimates
could be performed with the help of the United States Geological
Survey’s 6-level Hydrologic Unit Code (HUC6) runoff, Q (mm yr�1)
data (source: waterwatch.usgs.gov). For the 334 HUC6 catchments
covering the conterminous US, the water-balance derived ET (ETwb)
was obtained as the difference of watershed averaged P (mm yr�1)
and Q. The 30-year period is long enough so that the in- and out-
going cumulative fluxes (i.e., P and Q) over the individual water-
sheds are much larger than any possible random annual change
in water storage within the catchments. Non-random storage
changes that may come from e.g., ground-water mining for inten-
sive irrigation schemes, are accounted for in the water-balance
derived ET rates via the resulting reduced runoff value (Q) as long
as there is good communication between the ground- and surface-
water compartments, i.e., the former collects to groundwater-fed
gaining streams.



Fig. 7. Relative histograms of the HUC6-level ET/ETwb ratios, n = 334.

Fig. 8. Water-balance derived (P – Q) and theory-predicted long-term (1981–2010)
mean annual ET rates for the 334 HUC6-level catchments of the contiguous US. R is
the linear correlation coefficient, e the root-mean-square error.

Fig. 9. Ep-scaled water-balance derived (ETwb) and theory-predicted long-term
(1981–2010) mean annual ET rates for the 334 HUC6-level catchments as function
of the scaled wet-environment evaporation rates. The water-balance derived points
occur at horizontally shifted positions due to different calibrated values of a for (8)
and (9).
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The spatial distribution of the ratios of HUC6-level watershed-
averaged ET using (8) and (9), and water-balance derived ET rates,
can be seen in Fig. 6. The results are summarized in Fig. 7 as
histograms.

5. Discussion

(8) tends to underestimate water-balance ET in most catch-
ments, although occasionally it seriously overestimates it, mostly
in California and the state of Washington (dark-brown color in
Fig. 6a). (9) yields a somewhat more balanced estimate with fewer
major overestimations, however, it prominently underestimates
catchment-wide ET rates in south-western Arizona (white patch
in Fig. 6b).

A regression plot of the estimated and water-balance derived ET
rates is found in Fig. 8 for the HUC6-level watersheds. The scatter
of data points is somewhat smaller for (8) resulting in a better lin-
ear correlation coefficient (R) value of 0.94 vs 0.93 for (9), and a
smaller root-mean-square error (e) of about 90 vs 92 mm yr�1 for
(9). At the same time (8) more seriously underestimates ETwb

than (9) at large values, reflected in a larger bias and a flatter
best fit line.
When the theory-predicted scaled ET rates are compared with
similarly scaled water-balance ET values plotted against x = Ew/Ep,
the typical underestimation of (8) is more obvious at almost all val-
ues of x, while (9) better fits ETwb rates at larger x values (Fig. 9).
Also, the steeper slope of (9) at low x values makes it more sensi-
tive to moisture availability in drier environments leading to a sig-
nificantly smaller number of overestimated grid point ET rates in
excess of precipitation (Fig. 4).

From the relevant model parameters, both models are most
sensitive to the value of a (Fig. 10), so it must be calibrated the
most accurately.
6. Summary and discussion

The recently developed generalized complementary relation-
ship of Brutsaert (2015) and its revised version have been tested
with HUC6-level catchment runoff data covering the contiguous
United States. The revised version, (9), with its two free parameters
performed better than the one-parameter solution, (8), in its (a)
dynamic response to moisture availability changes over relatively
short distances [occurrence, f(ET>P), of ET rates in excess of P is
12% of total grid-points vs 18% of (8)]; (b) mean bias of the esti-
mates (�17 vs �25 mm yr�1); and c) slope of the best-fit regres-
sion line (m = 0.91 vs 0.78). At the same time, (8) resulted in a
higher linear correlation coefficient value [R = 0.94 vs 0.93 of (9)]
and a smaller root-mean-square error (e = 90 vs 92 mm yr�1). Cal-
ibration has been performed with PRISM precipitation rather than
HUC6-derived water balance data in order to (a) separate calibra-
tion from validation by using different data sets, which thus is
expected to lead to a more robust model performance, and; (b)
coerce as much dynamics from the model as possible by ensuring
that it effectively responds to quick changes in moisture availabil-
ity within short distances over, e.g., the varied topography of the
Rockies, and not only to some spatially-averaged moisture avail-
ability measure obtainable at the watershed scale.

The recent GCR-based model versions perform about the same
[(9) perhaps slightly better] as the modified CR model of Szilagyi
(2015) which introduced a two-parameter aridity-based
scaling function for b�1 of (6) and was calibrated and
validated (f(ET>P) = 12%, m = 0.89, Bias = �18 mm yr�1, R = 0.92,
e = 96 mm yr�1) with the recent data sets.



Fig. 10. Sensitivity of selected model performance to changes in parameter values (a) c and a of (8) (values of c are compared to a smaller, non-optimal value for obtaining a
range similar to that of a); (b) d, s, and a of (9). e is the root-mean-square error. Exponentials are taken for s because of its zero optimized value and compared to a larger, non-
optimal value for obtaining a range similar to those of the other parameters.
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Future improvements in ET estimation by the CR-based models
could be achieved via improving the spatial resolution of the radi-
ation input data which causes a grainy structure especially in
Fig. 3, even after some edge-smoothing filtering. A finer resolution
radiation dataset could also account for slopes, their orientation
and the shading effect of the surrounding mountain slopes and
thus could be expected to significantly improve dynamic ET
response over short distances. A word of caution for potential
CR-based ET estimation model users: there is an inherent limit
for spatial resolution of such approaches. It comes from the central
assumption of the method, which is that the moisture content of
the air is the result of the moisture availability of the surrounding
landscape. Near the border of sudden discontinuities in moisture
availability of the surface (such as sea/lake shores, the boundary
of extensive, heavily irrigated areas especially in arid environ-
ments) the moisture content of the air may be severely de-
coupled from that of the surrounding land (Morton, 1983). Based
on available data (Davenport and Hudson, 1967; Lang et al.,
1974) the typical horizontal scale-length of such a transition zone
is in the order of 102–103 m, which thus forms the limit for the
highest possible spatial resolution of the CR-based ET estimation
approaches, which does not seem utterly restrictive considering
the current relatively coarse spatial resolution of generally avail-
able large-scale radiation data.
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7. Conclusion

All CR-based methods consider the complex interplay between
soil moisture, vegetation, evapotranspiration and water vapor con-
tent of the air and derives the corresponding ET rate from standard
meteorological measurements only, without the need of informa-
tion on the interacting land-soil-vegetation components, other
methods, such as Land Surface Models (LSM), require. LSMs pro-
vide sensible and latent heat fluxes typically employing variations
of the Penman–Monteith equation (Monteith, 1965) for the latter,
requiring soil and vegetation information to perform soil moisture
budgeting. Considering the typically large heterogeneity in soil
type, thickness, layering, vegetation-cover and rooting depth, the
ensuing ET fluxes may contain relatively high uncertainties, result-
ing in noticeable differences in ET values among LSM versions
(Sheffield et al., 2012), giving rise to the need for an alternative for-
mulation of the ET fluxes not requiring such information, as was
demonstrated here.
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